In this paper, we propose CeCoIn5/YbCoIn5 superlattice systems as a test bed for the reduction of topological classification in free fermions. We find that the system with quad-layer of CeCoIn5 shows a topological crystalline superconducting phase with the mirror Chern number eight at the non-interacting level. Furthermore, we demonstrate that in the presence of two-body interactions, gapless edge modes are no longer protected by the symmetry in the system with quad-layer, but are protected in the systems with bi-or tri-layer. This clearly exemplifies the reduction of topological classification from Z ⊕ Z to Z ⊕ Z8.
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-Introduction-After the discovery of the topological insulators (TIs) and topological superconductors (TSCs), topological properties of quantum phases have been extensively studied 1, 2 . In TIs/TSCs, nontrivial topology of the wave function in the bulk predicts gapless excitations at boundary/surface of the systems, which are sources of novel transport properties. These systems are free fermion systems (i.e., they are described by a quadratic Hamiltonian), and the topology of TIs/TSCs is protected by symmetries. Examining how many topological phases exist under a given local symmetry (i.e., classification of TIs and TSCs) is an important issue and gives useful information [3] [4] [5] . On the experimental side, realization of TIs/TSCs has been a significant issue, and various numbers of TIs/TSCs have been indeed realized; a two-dimensional TI was first confirmed for a quantum well of HgTe/CdTe 6, 7 , and three-dimensional TIs were reported for Bi 2 Se 3 etc. [8] [9] [10] . Also, a TSC was proposed for Cu x Bi 2 Se 3 11 .
Understanding the effects of electron correlations, which are generally neglected in the treatment of TIs/TSCs, is one of the current important issues in this field. Theoretical proposals of TIs in strongly correlated compounds have further stimulated this issue [12] [13] [14] [15] [16] [17] [18] [19] [20] . Recent extensive studies have discovered the reduction of topological classification for free fermion systems. In particular, Fidkowski and Kitaev have found that for a one-dimensional TSC of class BDI, the topological classification for free fermions, Z, collapses into Z 8 in the presence of electron correlations [21] [22] [23] . This means that gapless edge modes can be unstable against electron interactions. The reduction of topological classification has further been extended to two-and three-dimensional systems by examining stability/instability of gapless edge modes [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . In spite of such significant progress on the theoretical side, the reduction of topological classification has not been experimentally reported yet. Therefore, an experimental platform is indispensable for progress in this direction.
In this paper, we address the following question. How can we realize an experimentally accessible test bed to observe the reduction of the classification? In order to answer this question, we analyze topological properties of superconducting phases in a superlattice system composed of CeCoIn 5 /YbCoIn 5 layers, which is the only known example of experimentally realizable twodimensional heavy-fermion systems [37] [38] [39] [40] . Topological properties of s-wave superconductors in the bi-and trilayer have been studied at the non-interacting level 41 , which have been extended to the case of d-wave 42 . In this paper, firstly, we demonstrate that a topological crystalline superconductor emerges in the system with quadlayer of CeCoIn 5 , following the spirits of these studies for multilayer superconductors. These topological crystalline superconductors form an Abelian group Z ⊕ Z. Secondly, our bosonization approach elucidates that the topological classification Z ⊕ Z for free fermions collapses into Z⊕Z 8 in the presence of electron correlations. These results suggest that the CeCoIn 5 /YbCoIn 5 superlattice system provides an experimental test bed for the reduction of topological classification for free fermions. Besides that, we find that the number of CeCoIn 5 layers is essential for the reduction; the reduction occurs in the system with quad-layer of CeCoIn 5 , although it does not in the systems with bi-or tri-layer of CeCoIn 5 .
-Superlattice with quad-layer of CeCoIn 5 -We consider a system of the CeCoIn 5 /YbCoIn 5 superlattice (Fig. 1) . Experimentally, thickness of CeCoIn 5 and YbCoIn 5 can be tuned at the atomic scale [37] [38] [39] [40] . Besides that, the heavy fermions are confined in two-dimensional CeCoIn 5 layers because the proximity effects are suppressed by large mismatch in the Fermi velocity between CeCoIn 5 and YbCoIn 5 43,44 . Therefore, we focus on the subsystem of CeCoIn 5 . Here, in particular, we discuss the case of the quad-layer. and spin σ =↑, ↓. The first term denotes the normal part of the Hamiltonian for each layer, while the second term denotes the hopping between the neighboring layers. The Hamiltonian locally breaks the reflection symmetry (i.e., the layer m is mapped to the layer 5 − m.), which leads to the spin-orbit interaction of Rashba type [38] [39] [40] . The last term represents the pairing potential of superconductors. In the presence of the magnetic field, the matrixĥ m (k) in the first term is written asĥ m (k) = ξ(k)σ 0 + α m g(k) · σ − µ B Hσ z with ξ(k) := −2t (cos(k x ) + cos(k y )) − µ, where t and µ denote the hopping strength and the chemical potential, respectively. The second term represents the spin-orbit interaction, and g(k) := (− sin(k y ), sin(k x ), 0)
T . Due to the symmetry breaking of local reflection, the singlet and triplet pairing states are mixed. Hence, the pairing potential is written as
y . We note that the system is invariant under the reflection which maps electrons in the layer m to those in the layer 5 − m. Furthermore, the superconducting phase in layers of CeCoIn 5 is supposed to be a pair-density-wave (PDW) phase because the superconductor in this system is (i) in the Pauli limit 45 , (ii) quasi-two-dimensional, (iii) affected by strong spin orbit coupling 38, 46 . Therefore, the parameter α and the pairing potential for each layer
We note that in the bulk of CeCoIn 5 , d x 2 −y 2 -wave is dominant 47 . Besides that, the most primitive triplet pairing is p-wave which mixes with the d x 2 −y 2 -wave due to the Rashba interaction. Based on these results and the analysis with group theory 48 (for details see Sec. I of Ref. 49) , we conclude that the pairing potential is written as ψ(k) := ∆ d (cos(k x ) − cos(k y )) and 
By using the Nambu operator, the Hamiltonian is writ-
T . Since the system respects the reflection symmetry, the Bogoliubov-de Gennes (BdG) Hamiltonian H(k) can be block diagonalized in each eigenspace with an eigenvalue λi (= +i, −i):
whereĥ λ (k) and∆(k) are four dimensional matrices, whose definition is given in Sec. II of Ref. 49 .
-Topological class and topological invariants-Let us turn to the topological properties of the Hamiltonian. We note that the Hamiltonian matrix (3) has a gapful spectrum due to the inter-layer hopping t ⊥ . The topological class of the Hamiltonian, H λ (k), is class D according to the periodic table of TIs/TSCs [3] [4] [5] 50 . This can be checked as follows. The block diagonalized Hamiltonian H λ (k) respects the reflection and particle-hole symmetry whose matrix representation is denoted by R and U c K, respectively, where the operator K takes complex conjugation. For the explicit representation of these symmetry transformations, see Sec. II of Ref. 49 . Each operator satisfies the following relations: (i) R 2 = −1l; (ii) R and C anti-commute, {R, C} = 0. Therefore, the topological class of the Hamiltonian matrix H λ (k) is class D.
The topological properties of BdG Hamiltonian are characterized by the total Chern number ν tot and the mirror Chern number ν M of H(k). These are linear combination of Chern numbers ν + and ν − for block diagonalized Hamiltonians, H + (k) and H − (k), whose topological class is D,
(The definition of ν + and ν − are given in Sec. II of Ref. 49 .) Namely, the topological crystalline superconducting phases form an Abelian group Z ⊕ Z. The total Chern number indicates a difference in the number of right-and left-movers of edge states. Thus, the system shows ν M helical edge modes for ν tot = 0.
-Topological properties of the BdG Hamiltonian-Now we characterize the topological properties of the system at the non-interacting level. We set t = 1.0, t ⊥ = 0.1, We focus on the region of weak magnetic fields where the topological invariants are (ν + , ν − ) = (8, −8), predicting eight pairs of helical edge modes. To confirm the bulk-edge correspondence, we plot the energy spectrum of H + (k) under the open (periodic) boundary condition in the x-(y-) direction, respectively (see Fig. 3 ). In this figure, we can find that eight Majorana modes localized around x = 1 (x = L) propagate to left (right), respectively. This indicates that the total system, H(k), hosts eight pairs of helical Majorana modes.
The above results at the non-interacting level indicate that a topological crystalline superconducting phase with (ν M , ν tot ) = (8, 0) emerges in the superlattice with quadlayer of CeCoIn 5 .
-Reduction of topological classification-So far, we have seen that the system has eight pairs of helical Majorana modes in weak magnetic fields. Now, by making use of a bosonization approach 24, 25, 28, 32, 33 , we analyze the symmetry protection of gapless edge modes in the presence of two-body interactions which are important for the CeCoIn 5 /YbCoIn 5 . Our analysis summarized below evidences that these gapless modes are no longer protected Here, the spectrum of the eigenstates localized around x = 1 (x = L) is represented by the red (blue) symbols, respectively. The lines are to guide the eye. The data is obtained with the following parameter set:
08, and L = 300, where L denotes the number of sites in the x-direction. At this set of parameters, the system is characterized by (νM, νtot) = (8, 0). Eight Majorana modes are observed around each edge in the system.
by the symmetry. Namely, the topological phase with (ν M , ν tot ) = (8, 0) becomes topologically trivial in the presence of two-body interactions. In Sec. III of Ref. 49 , we also show that gapless edge modes are protected by the symmetry in the case of two and four pairs of helical Majorana modes. From these results we end up with the classification Z ⊕ Z 8 . We address the above symmetry protection in the following three steps: First we show an effective model of gapless edge modes; We next apply a bosonization scheme to the effective one-dimensional system of edge modes in order to treat one-and twobody interactions on an equal footing; We finally define the criteria for symmetry protection, and elucidate the fate of Mjorana modes in connection with the symmetry protection in the presence of interactions.
Let us start with an effective model of gapless edge modes, which is given for (ν M , ν tot ) = (8, 0) as,
where η αλ denotes the Majorana operator of a state with α = 1, · · · , 8 and the eigenvalue of R, λ = +, −. v denotes the velocity of the Majorana modes. Under the reflection, these Majorana modes are transformed as (η α+ (x), η α− (x)) → (−η α+ (x), η α− (x)). By applying the operatorP f := (−1) N f , the Majorana modes are transformed as (η α+ (x), η α− (x)) → (−η α+ (x), −η α− (x)), where N f denotes the operator for total number of fermions (see Sec. IIC and III of Ref. 49) . Here, we note that the symmetry of the fermion number parity and the reflection symmetry are relevant for the symmetry protection of edge modes in the correlated system. This is because the particle-hole symmetry of the BdG Hamilto-nian changes to the symmetry of fermion number paritŷ
N f in many-body systems. We here apply a bosonization scheme to these modes in order to take into account interaction effects. (For details see Sec. IIIA of Ref. 49 .) As a first step, we rewrite two Majorana modes with one complex fermion as follows:
. Transformation law of these operators is the same as that of the Majorana fermions. Introducing bosonic fields,
κ I e iφI (x) , the effective action is written as
field and denotes the I-th component of the vector fields φ : Let us now discuss the cases of bi-and tri-layer systems. In these cases, topological properties of the BdG Hamiltonian is also characterized by ν tot and ν M . However, the Chern numbers do not predict eight pairs of helical Majorana fermions; (ν M , ν tot ) is given by (4, 0) for bi-layer systems, and (ν M , ν tot ) is given by (1, 0) for tri-layer systems 42 . This means that the gapless edge modes localized around the edges of bi-or tri-layer systems cannot be gapped out without symmetry breaking.
Therefore we arrive at the important conclusion: the CeCoIn 5 /YbCoIn 5 superlattice hosts a possible experimental test bed for the reduction of topological classification in free fermion systems, and the minimum number of CeCoIn 5 layers for the reduction is four.
For experimental observation of the gapped edge states, a promising possibility is the scanning tunneling microscopy (STM) measurement. The reasons are as follows. (i) This method has been applied to detect the Majorana states emerging at the end of the one-dimensional quantum wires 53, 54 . Furthermore, very recently, it becomes possible to carry out the STM measurement for the CeCoIn 5 /YbCoIn 5 superlattice 55 where the energy resolution is expected to be high because the STM measurement has already carried out for the bulk CeCoIn 5 with high energy resolution (∼ 75µeV) 56 .
(ii) In the superlattice, the interaction arising from antiferromagnetic spin fluctuations is expected to be relevant, so that it contributes to the interactions destroying Majorana edge modes. According to our estimation based on the experimental data (STM measurement of pairing potential in the bulk CeCoIn 5 56 and observation of electronic specific heat coefficient 57 ), the interaction arising from antiferromagnetic spin fluctuations is approximately 0.18eV. Combining this estimation and the numerically obtained wave functions of gapless edge modes under OBC, we conclude that the gap created at the edges is approximately 100µeV, which is considered to be observable with STM measurement.
Finally we make some comments on the difference between the phase of (ν M , ν tot ) = (8, 0) discussed here and an ordinary trivial phase of (ν M , ν tot ) = (0, 0). In the system labeled by (ν M , ν tot ) = (8, 0), gapless modes are expected to appear at a dislocation where only the layers m = 2 and 3 terminate. This dislocation forms a bi-layer subsystem which is expected to host four pairs of the helical Majorana modes.
-Summary-In this paper, we have proposed the CeCoIn 5 /YbCoIn 5 superlattice as a possible experimental test bed for the reduction of the topological classification in free fermion systems. Our analysis has elucidated the following results: in the presence of two-body interactions, the classification for the topological crystalline superconductor at the non-interacting level, Z ⊕ Z, collapses into Z ⊕ Z 8 , and helical edge modes in the quadlayer system are completely gapped out in the presence of two-body interaction. We have demonstrated that the number of CeCoIn 5 layers is essential for detecting the reduction; the minimum number of CeCoIn 5 layers for the reduction is four. Besides that, tuning magnetic fields can help experimental observation of the reduction; In strong magnetic fields, the system shows sixteen chiral Majorana modes (see Figs. 2(a) and (b) ) which are robust even under correlations.
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I. CRYSTAL SYMMETRY AND THE PAIRING POTENTIAL
Here, by taking into account symmetry of the system, we show that the pairing potential is written as
Let us start with the case without magnetic field. In the bulk of CeCoIn 5 , the system is invariant under the following symmetry transformations which are generators of D 4h group: π/2-rotation along c-axis (C 4 ); π-rotation along a-axis (C 2 ); π-rotation along (1, 1, 0)-direction (C ′ 2 ); reflection whose reflection plane is parallel with a-and b-axis (R z ). Irreducible representations of pairing potentials for D 4h are listed in Table I . Here, we have assumed a triplet p-wave paring for simplicity. For the superlattice systems, local reflection symmetry, i.e., symmetry under applying R z , is broken at each layer of CeCoIn 5 38-40 . In this case the symmetry group changes to C 4v of which irreducible representations are listed in Table II . We note that paring potential is d x 2 −y 2 in the T and (sin k x , − sin k y , 0) T . Even under the magnetic field, the system is invariant under applying the operator T R y , which fixes the relative phase of pairing potential. Here, T and R y denote the time-reversal operator and the reflection operator which maps (x, y, z) → (x, −y, z), respectively. Under the T R y operation, a momentum is transformed as (k x , k y ) → (−k x , k y ). Applying T R y , we have
Thus, the pairing potential is given by
with
The second term of Eq. (10) is considered to just yield quantitative difference for weak magnetic fields and not to alter topological properties. Thus, we neglect this term. This is because the second term is induced by the magnetic field and much smaller than the first term.
II. TOPOLOGICAL PROPERTIES OF THE BDG HAMILTONIAN A. Relevance of the Hamiltonian to the superlattice
In this section, we explain the relevance of the Hamiltonian of the quad-layer systems to the superlattice systems and also how we have chosen the parameter set. We note that the Hamiltonian for bi-and tri-layer systems can be build up in a similar way.
-Relevance of the Hamiltonian-Concerning the normal part of the Hamiltonian, the interlayer hopping is supposed not to change the number of the Fermi surface. Therefore, we employ the dispersion relation of the square lattice with nearest neighbor hopping which is the simplest model describing bulk CeCoIn 5 . Concerning the pairing potentials, the superconducting phase under the magnetic field is supposed to be a pair-density wave (PDW) phase. This is motivated by the following experimental observations. The superconducting phase is (i) in the Pauli limit 45 (ii) quasi-two-dimensional in the superlattice (iii) affected by strong spin-orbit coupling 38, 46 . The Pauli depairing effect affects on the singlet pairing while it does not on the triplet pairing. Therefore, the phase of the pairing potentials should be chosen so that the phase of the singlet component changes its sign at each layer, which is characteristic of the PDW phase.
-How to choose the parameter set-To obtain the phase diagram, we chose the parameters as follows. Here, we assume that the energy scale of the intra-layer hopping is 3meV by taking into account mass renormalization 57 . (i) Pairing potentials: transition temperature of the superconducting phase is approximately 1K 37 . With this observation, we set the amplitude of pairing potentials ∆ d to be 0.05t. (ii) Spin-orbit interactions: first principles calculations predict that the bare anti-symmetric Rashba spin-orbit coupling of heavy fermion is typically 1000K. Taking into account the renormalization factor ∼ 1/300 57 , we set the parameter α to be 0.3t. (iii) Inter-layer hopping: in the CeCoIn 5 /YbCoIn 5 superlattice, anomalous angular dependence of the upper critical field H c2 is observed experimentally which is attributed to the local inversion symmetry. This phenomenon occurs when the inter-layer hopping is smaller than the Rashba spin-orbit coupling. Thus, we have set the parameter t ⊥ = 0.1t.
B. Derivation of Eq. (3)
With the Nambu operator
We block diagonalize this Hamiltonian with eigenspace of the reflection operator which has the eigenvalue λi (= i, −i).
The reflection operators are written as
where σ and τ are the Pauli matrices acting on spin and Nambu space. The 4 × 4-matrix with the subscript L maps the layer m to 5 − m. We note that the four dimensional matrix with the subscript L is replaced by the two-(three-) dimensional matrix for bi-(tri-) layer systems.
The eigenvectors of the matrix R are obtained as follows. For λ = + (the eigenvalues are written as λi),
where vectors with the subscript σ (τ ) denote vectors in the spin (Nambu) space, respectively.
For λ = − (the eigenvalues are written as λi),
Each element of the block diagonalized BdG Hamiltonian H λ (k) is written as
with i, j = 1, · · · , 8. Thus, we end up with the following block diagonalized Hamiltonian,
witĥ
where k ± = sin(k y ) ± i sin(k x ), and sgn(λ = ±) = ±1.
C. topological class
In this section, we show that the topological class of the BdG Hamiltonian is class D. The Hamiltonian H(k) respects the reflection and the particle-hole symmetry.
Namely, it satisfies
where C := τ x K (C 2 = 1l) denotes the operator of the particle-hole transformation. R and C anti-commute, {R, C} = 0. Thus, the block diagonalized Hamiltonian H λ (k) also respects the particle-hole symmetry, and the topological class is D. The above results mean that the block diagonalized Hamiltonian H λ (k) is characterized by Chern number ν ± which is defined in Eq. (20) . In other words, the BdG Hamiltonian H(k) is characterized by the total Chern number and the mirror Chern number defined in Eq. (4). We note that the mirror Chern number takes multiple of 1/2, which is just due to our convention.
We note that for µ B H = 0, the system is invariant under the time-reversal symmetry. Namely,
with T := iσ y K. However, the block diagonalized Hamiltonian H λ (k) does not respect the time-reversal symmetry because T u i± = ∓u i∓ holds. Therefore, the mirror Chern number may take a finite value.
We finish this part by noting that the overall phase in Eq. (11) is just for convention. We can also choose the following reflection operator instead of the operator in Eq. (11):
which satisfies R ′2 = 1l. This does not change the results in the non-interacting system. Indeed, we can check the following facts: The BdG Hamiltonian commutes with R ′ ; The block diagonalized Hamiltonian in the eigenspace of R ′ is given by Eqs. (15); The topological class of the block diagonalized Hamiltonians is class D because eigenvalues of R ′ is ±1, and the commutation relation [R ′ , C] = 0 holds. Therefore, the topological properties of the BdG Hamiltonian are characterized by Chern numbers for each sector ν ± .
D. topological invariants
In the previous section, we have seen that the topological class of the two-dimensional Hamiltonian H λ (k) is class D. Therefore, the Chern number of each subspace characterizes the topological structure of the BdG Hamiltonian of the two-dimensional system, or equivalently, the total Chern number and the mirror Chern number [Eq. (4) in the main text] characterize the topology,
where
Here, |n λ (k) denotes a normalized wave function of the n-th Bloch state of
Here, a technical comment is in order on the computation of the Chern number ν ± . The computation of the Chern numbers is numerically difficult because of the following reasons. Firstly, dimension of the Hamiltonian matrix H λ (k) is eight, dimH λ (k) = 8, which makes the calculation of the Chern number heavy. Secondly, the bulk gap for the above parameter set is so small that the Chern number cannot be easily computed with sufficient accuracy by using Eq. (21) . Therefore, instead of direct computation of the Chern number with Eq. (20), we use the method proposed in Ref. 51 . Following this method, we discretize the momentum space, and computes the Berry curvature from a U(1) link variable for each discretized patches. This formula is applicable not only to the quad-layer system but also to other multiple layer systems (e.g., bi-and tri-layer systems).
We note that the Chern number can be rewritten with the single-particle Green's function; (21) where ǫ µνρ is the anti-symmetric tensor (ǫ 012 = 1, µ, ν, ρ = 0, 1, 2). ∂ := (∂ ω , ∂ kx , ∂ ky ) and k := (k x , k y ). Here, G λ (k) with k := (iω, k) is a matrix whose elements are the single-particle Green's function for the eigenspace labeled by λ = ±. The Chern number in Eq. (21) is welldefined as long as the Green's function is non-singular; detG λ (k) = 0 and detG
Thus, the Chern number ν ± can take a quantized value even in the correlated systems.
III. ANALYSIS OF GAPLESS EDGE MODES IN THE PRESENCE OF CORRELATIONS
In this section, we show the following results by taking into account one-and two-body interaction. Two and four pairs of helical Majorana modes are protected by the reflection symmetry and the symmetry of fermion number parity, while eight pairs of helical Majorana modes are not. From this result, we end up with the classification results Z ⊕ Z 8 because (i) chiral modes cannot be gapped out, and (ii) odd number of helical Majorana modes are considered to be stable against interactions [26] [27] [28] 31, 34 . We note that the particle-hole symmetry of the BdG Hamiltonian Eq. (3) is replaced by the symmetry of fermion number parity in the presence of electron correlations. We denote the operator for the fermion number parity asP f := (−1) N f with the number operator of total fermions N f . In the following, we discuss how we end up with the classification results.
Consider a one-dimensional subsystem of the topological crystalline superconductors having the 2N (= 2, 4, 8) helical edge modes. The Hamiltonian is written as
dx sgn(λ)η αλ (x)(−iv∂ x )η αλ (x), (22) where η αλ denotes the Majorana operator for the state with α = 1, 2, · · · , 2N and λ = +, −. sgn(λ) takes 1 (−1) for λ = + (−), respectively. v denotes the velocity of the edge modes. Under each symmetry transformation, these Majorana modes are transformed as follows:
Rη αλ (x)R −1 = −sgn(λ)η αλ , (23a)
As we note in Sec. II C, the overall phase in Eq. (11) is just for convention. Here, we choose the matrix in Eq. (19) as the reflection operator. This does not change the topological classification for free fermions, Z ⊕ Z. In this case, the reflection operatorR is given bŷ
In the above, we have seen that eight pairs of helical Majorana modes are no longer symmetry protected in the presence of two-body interactions, while two and four pairs of helical Majorana modes are protected. We note that these edge modes are predicted by the mirror Chern number in the bulk. These results demonstrate that six pairs of Majorana modes are protected by the symmetry because a phase with the mirror Chern number ν M = 6(= 8 − 2) is topologically equivalent to a phase having two pairs of helical Majorana modes predicted by the mirror Chern number ν M = −2 in the bulk. Besides that, the chiral Majorana modes and odd number of helical Majorana modes are robust against interactions [26] [27] [28] 31, 34 . Therefore, we end up with the classification results, Z ⊕ Z 8 in the presence of two-body interactions.
We finish this part by making a comment on interactions which gap out edge modes. In real materials, any symmetry-allowed interactions are supposed to exist. Thus, the layers of CeCoIn 5 are expected to host interactions gapping out edge modes. For qualitative estimation of interactions, however, one need microscopic analysis based on Hubbard or periodic Anderson model, which is left for the future work.
